We obtain exact moving breather solutions of a generalized discrete nonlinear Schrödinger equation.
The discrete nonlinear Schrödinger (DNLS) equation occurs ubiquitously [1] throughout modern science.
Most notable is the role it plays in understanding the propagation of electromagnetic waves in glass fibres and other optical waveguides [2] as well as in the temporal evolution of Bose-Einstein condensates [3] . One of the variants of the DNLS model is the celebrated Ablowitz-Ladik (AL) model [4] which is an integrable model. Another aspect which stands out in favor of the AL model is that, while most other discrete DNLS models have stationary breather solutions [5] , this model has moving breather solutions. Further, these moving breathers avoid the discreteness energy barrier (the so called Peierls-Nabarro (PN) barrier). These solutions have played a major role in the computational studies of the corresponding continuum NLS model [6] as well as in developing perturbation techniques [7] . We might add here that, as far as we are aware of, so far moving breather solutions have been analytically obtained only in the case of integrable models. It is clearly of great interest to consider different variants of the DNLS equation and to try to obtain exact moving breather solutions. The existence of such solutions might help in discovering new integrable models and would also help in further developing perturbative techniques in DNLS-type equations. The purpose of this note is to report on the existence of exact moving breather solutions in a generalized DNLS model with seven parameters. For finite lattices we find two different periodic moving breather solutions while for the infinite lattice we find a localized moving breather solution.
In a recent paper, Pelinovsky [8] has addressed the question of spatial discretization of the NLS equation
While the standard choice for the DNLS equation is
strictly speaking, there is no unique choice. Perhaps the only constraint on the corresponding discrete model is that in the continuum limit it should go over to the NLS Eq. (1). By demanding that the semi-discretization is symplectic and few other requirements, Pelinovsky [8] showed that if one writes the DNLS equation in the form
then the most general form for the nonlinear function f is given by
whereū represents complex conjugate and the real valued parameters (α 1 , ..., α 10 ) satisfy the constraint
We now show that two moving periodic breather solutions can be obtained with this general cubic polynomial in case
It may be added here that the famous AL moving breather solutions are obtained in case only α 2 is non-zero while all other α i are zero.
Solution I
In particular, it is not difficult to show that one of the exact breather solution to Eq. (3) [with f being given by Eq. (4) satisfying constraints (5) and (6)] is given by
provided the following six relations are satisfied
Here c and δ are arbitrary constants while cs(a, m), ds(a, m), ns(a, m) stand for the Jacobi elliptic functions cn(a, m)/sn(a, m), dn(a, m)/sn(a, m), 1/sn(a, m) respectively with m being the modulus parameter (0 ≤ m ≤ 1) [9] .
While deriving these relations, use has been made of the local identities (30) to (36) for Jacobi elliptic functions dn(x, m) [10] which are given at the end of the paper.
It may be noted that Eqs. (8) to (13) determine the five parameters A, ω, k, v, β and give us one constraint between the eight parameters α 2 , ..., α 10 (except α 8 ). In view of the constraint (5) between these parameters, it then follows that we have obtained a moving breather solution with six parameters.
As expected, in the limit α 2 = 0 while all other α i = 0, we recover the well known periodic breather solution of the AL problem [11] . Also notice that here modulus m has to be chosen such that βN p = 2K(m) where K(m) denotes the complete elliptic integral of the first kind [9] .
Solution II
As in the AL case, there is another periodic breather solution to the DNLS Eq. (3) with f being given by Eq. (4) satisfying constraints (5) and (6) . It is given by
provided the following relations are satisfied
[α 4 + α 6 cos(2k)]ds(β, m) + [α 9 cos(3k) + α 10 cos(k)]ds(2β, m) = 0 ,
While deriving these relations, use has been made of the local identities (37) to (43) for the Jacobi elliptic function cn(x, m) [10] which have been given at the end of the paper.
As with the first solution, we again have a moving breather solution with six parameters and again in the limit when only α 2 = 0 while all other α i are zero, we recover the well known periodic breather solution of the AL problem [11] . Note however that in this case the modulus m has to be chosen such that βN p = 4K(m).
m=1 case
In the limit m → 1, both the periodic moving breather solutions (7) and (14) reduce to the localized moving breather solution
and the relations (8) to (13) (as well as (15) to (20)) take a simpler form
2α 6 sin(2k) cosh(β) + α 9 sin(3k) − α 10 sin(k) = 0 ,
Several comments are in order at this stage.
1. The relations (22) and (27) are exactly the same as in the AL case [4] . It is indeed remarkable that the velocity v and the frequency ω in our case are identical to those in the AL model even though our model has eight parameters (α 2 to α 10 except α 8 ) while AL has only one parameter (α 2 ). We believe that there must be a deeper reason for these universal relations for v and ω irrespective of the number of terms in the nonlinear function f as given by Eq. (4).
2. Unfortunately, we do not know the Hamiltonian from which the DNLS Eq. (3) with f as given by
Eq. (4) can be derived. As a result, we do not know if the PN barrier is zero in the case of our moving breather solution. However, since our solution has an effective translational invariance (i.e.
the solution is valid for any value of the constant c), this suggests that the PN barrier would be zero for our solution. Further, in case α 2 = 0, then it follows from Eq. (24) that α 3 < 0.
5. In the limit when only α 2 is nonzero while all other α i are zero, we recover the well known AL moving breather solution.
6. From Eqs. (22) to (27) it follows that the moving breather solution is also possible when only two of the eight parameters are nonzero. For example, the moving breather solution (21) exists in case (24), (26) and the constraint (5) take the form sinh 2 (β)
7. The moving breather solution (21) also exists in case only (i) α 3 , α 5 are nonzero (ii) α 2 , α 5 are nonzero and k = π/4. Constraints similar to those in Eq. (28) are easily written down from relations (5) and (22) to (27).
8. There are several possibilities, with three of the eight α i being nonzero (the rest five α i being zero), in which case the moving breather solution (21) is still valid. Some of these cases are:
α 2 , α 4 , α 6 nonzero with α 4 = α 6 and k = π/2, (vi) α 3 , α 4 , α 6 nonzero with α 4 = α 6 and k = π/2, (vii) α 2 , α 9 , α 10 nonzero with α 9 = α 10 and k = π/4, (viii) α 3 , α 6 , α 10 nonzero with k = π/3, and (ix)
In all these cases, the constraints similar to those in Eq. (28) are easily written down from relations (5) and (22) to (27). For example, in case only α 2 , α 3 and α 5 are nonzero, (while the relations (22) and (27) are always valid), Eqs. (24), (26) and the constraint (5) take the form sinh 2 (β)
9. similarly, there are several possibilities when less than eight parameters are nonzero and still the moving breather solution (21) continues to exist and relations similar to those in Eq. (28) can easily be written down in all these cases.
On using the identities for the Jacobi elliptic functions cn and dn given below and similar identities for sn, one can similarly obtain exact solutions of a rather general discrete λφ 4 field theory with four parameters, as well as of a modified Fermi-Pasta-Ulam (FPU) model [12] , which will be discussed elsewhere.
We list here the various identities for the Jacobi elliptic functions dn(x, m) and cn(x, m) which have been used in obtaining the various solutions in this paper.
Identities for dn(x, m) 
mcn(x, m)cn(x + a, m)cn(x − a, m) = −ds(a, m)ds(2a, m)[cn(x + a, m) + cn(x − a, m)] + ds 2 (a, m)cn(x, m) , 
